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Abstract
The coordinator polynomial of a lattice L is the numerator of its growth series as an abelian group,
w.r.t. to a given set of generators S. We investigate the special case when L is the ring of integers of the
cyclotomic field of order m and S is the corresponding set of unit roots. We compute it explicitly when
m = p and m = 2p, with p an odd prime. This confirms, for small p, a conjecture of Parker. Our approach
is geometric and is grounded in the theory of Ehrhart polynomials.
c© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Let G be a free abelian group of rank N , and l denote its word length function w.r.t. a system
S of generators of G as a monoid, namely the distance to the identity in the Cayley graph
attached to (G, S). It was proved by Benson, Billington et al. [2,3] that the generating function
S(z) :=∑g∈G zl(g) is then rational with denominator (1−z)N . When G is a lattice L of full rank
in RN then the polynomial (1 − z)N S(z) is called, following [5], the coordinator or coordinator
polynomial of L.
The study of word length functions is one of the building blocks of the modern theory of finite
Coxeter groups. In this setting, the question of computing growth series was addressed in the
mid-1960s by Solomon, Bourbaki and Serre [9,4,8]. The study of isometry groups of hyperbolic
spaces or of general Euclidean groups has been developed more recently, as emphasized in [2].
For the particular case where L is a root lattice, the coordinator polynomial was computed in [1].
The interest of coordinator polynomials of cyclotomic lattices, addressed in the present
note, was pointed out recently by Parker. Their study is relevant to error-coding, polynomial
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residue number theory and the analysis of random walks. We refer the reader to [7] for further
information on the subject.
To be precise, let G be the free abelian group underlying the ring of integers in the cyclotomic
field of order m. It is spanned by the mth complex roots of unity and has dimension N = φ(m). It
is a lattice of full rank in Rφ(m); we call it the mth cyclotomic lattice. Its coordinator polynomial
cm(z), say, with respect to the set of unit roots was shown in [7] to be equal to the cyclotomic
polynomialΦp(z) when m = p, p prime. A conjecture was made in the same article for m = 2 p,
namely
c2p(z) =
(p−3)/2∑
k=0
(zk + z p−1−k)
(
k∑
i=0
( p
i
))
+ 2p−1z(p−1)/2.
In this note, we give an alternative proof of [7, Theorem 1] (cf. Section 2) and give an alternative
formula (cf. Section 3, Theorem 8) for c2p which confirms [7, Conjecture 2] for small p. The
proof technique is grounded in the theory of Ehrhart polynomials of polytopes [6]. A geometric
argument, namely an explicit triangulation of the convex hull of the set of unit roots in Rφ(m),
makes computations tractable.
2. The prime number case
Let m > 1 be a given arbitrary integer and S be the set of complex unit roots of order m:
S = {1, ζ, ζ 2, . . . , ζm−1}, where ζ = e 2π im . We write Φm(x) for the mth cyclotomic polynomial
and φ(m) for its degree, given by the Euler totient function.
Recall that the additive subgroup of C generated by S is a free abelian group isomorphic to
Zφ(m). Since this group carries a ring structure, we write it with the ring notation Z[ζ ], although
we will make little use of its ring-theoretical properties. Recall also that it is naturally embedded
in the cyclotomic extension Q(ζ ) of Q and, in fact, identifies with the whole ring of algebraic
integers of Q(ζ ) (of which it is obviously a subring); see e.g. [10, Chapter 2].
In the present section, we are interested in the particular case where m = p is an odd prime,
and compute the coordinator polynomial of Z[ζ ] relatively to S. The computation is already in
[7]; however, we feel that the geometrical method that we introduce is enlightening as regards
both the computation process and the result. Besides this, the results in this section pave the way
to the case m = 2 p studied in the next section and, more generally, to the study of arbitrary
cyclotomic lattices.
Fig. 1 illustrates the behavior of word length functions when m = p = 3. In that case,
φ(p) = 2, so Z[ζ ] is a lattice of rank 2. The set of generators S is {1, ζ = e 2π i3 , ζ 2}. We
choose systematically as a basis of Z[ζ ] the φ(m) first powers of ζ , starting with 1 = ζ 0. In the
particular case m = p = 3, 1 and ζ are identified therefore with the elements (1, 0) and (0, 1) of
Z2, whereas ζ 2 = −ζ −1 are identified with (−1, −1). In Fig. 1, the number of circles (minus 1)
indicates the length: for example, (0, 0) is by convention of word length 0, (1, 0) of word length
1, (2, 0) of word length 2, and so on.
Let us explain using the simplest example, m = p = 3, our methodology for computing
growth series. With S = {1, ζ, ζ 2} we associate the convex hull P of the corresponding set of
points in the lattice Zφ(m) = Z2 ⊂ R2: P = Conv((1, 0), (0, 1), (−1,−1)). Let us write from
now on Ψ k for the dilatation by k acting on the lattice Z[ζ ] ∼= Zφ(m) or on the corresponding
real affine or vector space Z[ζ ] ⊗Z R ∼= Rφ(m). For the simple example we are considering, it
is easy to check by direct geometric inspection that the number of points of word length less or
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Fig. 1. Elements of low word length function w.r.t. S when p = 3.
equal to k is exactly the number of integral points (i.e. ones whose coordinates are integers) in
the polytope Ψ k(P), so computing the growth series and the coordinator polynomial of Z[ζ ]
w.r.t. S amounts to computing the number of integral points of Ψ k(P) viewed as a convex
polytope in Rφ(m) = R2. Ehrhart’s theory says that this number is given by a polynomial
of degree φ(m) in k. To compute it, we will use a suitable triangulation of P , namely: P =
Δ0 ∪Δ1 ∪Δ2, whereΔ0 := Conv((0, 0), (1, 0), (0, 1)),Δ1 := Conv((0, 0), (1, 0), (−1,−1)),
Δ2 := Conv((0, 0), (0, 1), (−1, 1)). From the knowledge of the number of integral points in
the simplices Ψ k(Δi ) and from the combinatorial properties of the poset of intersections of the
simplices of the triangulation, we will be able to derive the growth series.
Definition 1. Let us call the convex hull of n+1 points P0, P1, . . . , Pn in Zn ⊂ Rn a unimodular
n-simplex if and only if ( P0 P1, . . . , P0 Pn) is a basis of Zn .
By a slight abuse of notation, we will also say that the convex hull of l + 1 points P0, . . . , Pl
in Zn ⊂ Rn is a unimodular l-simplex if and only if ( P0 P1, . . . , P0 Pl ) can be completed to a
basis of Zn .
Lemma 2. LetΔ be any unimodular n-simplex. Let us write qΔk for the number of integral points
in Ψ k(Δ). Finally, let us set pΔk := qΔk − qΔk−1. Then, we have∑
k∈N
qΔk x
k = 1
(1 − x)n+1 ;
∑
k∈N
pΔk x
k = 1
(1 − x)n .
Notice first that, since all unimodular simplices are congruent up to the action of the affine
unimodular group (the semi-direct product of translations and unimodular transformations of the
lattice), we can assume that Δ is the simplex associated with the canonical basis of Zn , that is,
the convex hull of ((0, 0, . . ., 0), (1, 0, . . ., 0), . . ., (0, . . ., 0, 1)). The proof of the lemma is then
standard and straightforward since the computation of qΔk (resp. pΔk ) amounts to the computation
of the number of monomials of degree less or equal to k (resp. degree k) in n indeterminates.
The same argument shows that, ifΔ is a unimodular l-simplex,∑
k∈N
qΔk x
k = 1
(1 − x)l+1 ;
∑
k∈N
pΔk x
k = 1
(1 − x)l .
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Lemma 3. Let P = P pS be the convex hull of S = {1, ζ = e
2iπ
p , ζ 2, . . . , ζ p−1} in Z[ζ ] ⊗Z R;
then the number of lattice elements in Z[ζ ] of word length less or equal to k w.r.t. S is exactly the
number of integral points in Ψ k(P).
Notice first that an element of Z[ζ ] of word length less or equal to k w.r.t. S can be written as
the sum of at most k elements in S, and identifies therefore canonically with a integral point in
Ψ k(P).
Conversely, let us show that any element in Ψ k(P) can be written as such a sum. This
property is not entirely straightforward and depends on the geometry of the polytope P . The
same argument will apply when we consider the computation of growth series when m = 2 p,
and we will not repeat it. Although we hope it does, we do not know at the present moment
whether the argument applies to the computation of arbitrary growth series of cyclotomic lattices
spanned by the sets of unit roots.
Lemma 4. The convex polytope P decomposes as a union of p unimodular (p − 1)-simplices
Δ0, . . . ,Δp−1 whose interiors are pairwise disjoints.
Since ζ p−1 = −ζ p−2 − ζ p−3 − · · · − ζ − 1, 0 is the barycenter of the elements of S in
Z[ζ ] ⊗Z R. The polytope P splits therefore as
P = Conv(0, 1, . . . , ζ p−2, ζˆ p−1) ∪ Conv(0, 1, . . . , ζˆ p−2, ζ p−1) ∪ · · ·
∪ Conv(0, 1ˆ, . . . , ζ p−2, ζ p−1),
where we use a familiar convention in algebraic topology, the symbol ζˆ i meaning that ζ i
is omitted in the sequence, so that, for example, we have Conv(0, 1, . . . , ζ p−2, ζˆ p−1) =
Conv(0, 1, . . . , ζ p−2). Setting Δi := Conv(0, 1, . . . , ζˆ p−1−i , . . . , ζ p−1), the lemma follows.
The conclusion of the previous lemma also follows. Indeed,Ψ k(P) =⋃p−1i=0 Ψ k(Δi ), so any
point in Ψ k(P) belongs to a Ψ k(Δi ). However, since Δi is a unimodular simplex, its vertices
define a basis of the underlying lattice Zφ(m), so the elements inΨ k(Δi ) are exactly the elements
of the lattice whose coordinates in that basis are positive and whose sum is less than or equal to
k. The lemma follows since the non-zero vertices ofΔi belong to S.
Let us conclude and compute the number of integral points in Ψ k(P); the computation when
m = p of the growth series of the cyclotomic lattice spanned by the set of unit roots will follow.
We know thatΨ k(P) decomposes as a union
⋃p−1
i=0 Ψ k(Δi ). By inclusion/exclusion, the number
q pk of integral points in Ψ
k(P) is therefore given by
q Pk =
p∑
i=0
qΔ
i
k −
∑
0≤i< j≤p−1
qΔ
i∩Δ j
k ± · · · −
∑
0≤i1<i2<···<i p−1≤p−1
qΔ
i1 ∩···∩Δi p−1
k
+ qΔ0∩···∩Δp−1k ,
and similarly
pPk =
p∑
i=0
pΔ
i
k −
∑
0≤i< j≤p−1
pΔ
i∩Δ j
k ± · · · −
∑
0≤i1<i2<···<i p−1≤p−1
pΔ
i1 ∩···∩Δi p−1
k
+ pΔ0∩···∩Δp−1k .
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Given a sequence 0 ≤ i1 < i2 < · · · < il ≤ p − 1 the intersection Δi1 ∩ · · · ∩ Δil is the
unimodular (p − l)-simplex:
Conv(0, ζ, . . . , ζ p−2−il , ζˆ p−1−il , ζ p−il , . . . , ζˆ p−1−i1 , ζ p−i1 , . . . , ζ p−1).
It follows that
∑
k∈N pΔ
i1 ∩···∩Δil
k x
k = 1
(1−x)p−l , and finally∑
n∈N
pPk x
k = p
(1 − x)p−1 −
( p
2
) 1
(1 − x)p−2 + · · · −
( p
1
) 1
(1 − x) + 1
=
p−1∑
i=0
( p
i
) (−1)i
(1 − x)i =
1 − x p
(1 − x)p =
Φp(x)
(1 − x)p−1 ,
where Φp(x) is the pth cyclotomic polynomial, which is therefore the coordinator polynomial
of the cyclotomic lattice of order p relatively to the set of unit roots.
The generating series for q Pk is given by∑
n∈N
q Pk x
k = Φp(x)
(1 − x)p ,
which is equivalent to Parker’s Theorem 1 according to our Lemma 3.
3. Parker’s conjecture when m = 2p
We are interested now in the growth series of the cyclotomic lattice w.r.t. the set of unit
roots S when m = 2 p, p an odd prime. In that case, φ(m) = φ(2)φ(p) = p − 1 and
Φm = x2p−1(x p−1)(x+1) = x
p+1
x+1 = x p−1 − x p−2 ± · · · − x + 1.
As above, we choose as a basis of Z[ζ ] the first φ(m) powers of ζ : 1, . . . , ζ p−2. In
this basis, the remaining roots of unit ζ p−1, . . . , ζ 2p−1 have as coordinates, respectively,
(−1, 1,−1, . . . , 1), (−1, 0, . . . , 0), (0,−1, . . . , 0), . . . , (0, . . . , 0,−1) and (1,−1, 1, . . . ,−1).
We still write P for the convex hull of the set of unit roots in Z[ζ ].
Definition 5. We say that a hyperplane H ⊂ Rp−1 of equation lH (x1, . . . , x p−1) = cH , where
lH is a linear form and cH a constant, is a bounding hyperplane for P if and only if it contains
an external codimension 1 face of P . Equivalently: H is a bounding hyperplane if and only if it
contains at least p − 1 points of S and, for all x, y ∈ P , (lH (x) − cH )(lH (y) − cH ) ≥ 0.
In particular, if H is a bounding hyperplane, the interior of the polytope P is included in one
of the two half-planes associated with H .
The first step in the solution of Parker’s conjecture is the enumeration of the bounding
hyperplanes of P . Notice that the same strategy could be applied to any cyclotomic lattice;
however, the combinatorial complexity of the problem increases very fast, as illustrated by
our forthcoming computations. This is why we concentrate in the present article on the case
m = 2 p: the general case most probably requires the introduction of further tools and a better
understanding of the geometry of cyclotomic lattices, a point to which we intend to return in
forthcoming studies.
So, let H be an arbitrary bounding hyperplane of P . Then, H contains at least p − 1 elements
of S. Besides this, if H contains ζ i it cannot contain −ζ i = ζ i+p ; otherwise it would contain 0
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which is in the interior of P , so H contains a subset {0, 1ζ, . . . , ζˆ i , . . . , p−1ζ p−1} of S, where
the k are equal to ±1 and where ζˆ i means, as usual, that the corresponding term is missing.
Notice, by the way, that since the points 0, 1ζ, . . . , iζ i , . . . p−1ζ p−1 are affinely indepen-
dent for an arbitrary choice of the coefficients k , a bounding hyperplane contains in fact exactly
p − 1 points of S. Notice also that the problem we face (enumerate the bounding hyperplanes)
has a circular symmetry. That is, assume that H contains {0, 1ζ, . . . , ζˆ i , . . . , p−1ζ p−1} and
recall that, for any k, the multiplication by ζ k in the ring of cyclotomic integers Z[ζ ] is a group
automorphism. It follows that the hyperplane ζ p−i−1 H is a bounding hyperplane of P (since
the polytope is, by its very definition, invariant under multiplication by the unit roots) and con-
tains {−i+1,−i+2ζ, . . . , 0ζ p−i−1, 1ζ p−i , . . . , i−1ζ p−2}. It follows that the total number of
bounding hyperplanes of P is equal to p times the number, say n p , of bounding hyperplanes
containing a subset of {±1,±ζ, . . . ,±ζ p−2}.
The general equation for such a hyperplane is
0x1 + 1x2 + · · · + p−2x p−1 = 1,
where |i | = 1 and the points x in P have to satisfy the inequality
0x1 + 1x2 + · · · + p−2x p−1 ≤ 1.
The hyperplane contains the unit root iζ i and the inequality holds for the opposite root −iζ i . It
follows that the equation is that of a bounding hyperplane if and only if the last inequality holds
when (x1, . . . , x p−1) = (−1, 1, . . . ,−1, 1) and (x1, . . . , x p−1) = (1,−1, . . . , 1,−1). Since all
the coefficients involved are integers, this is possible if and only if
0 − 1 + · · · + p−3 − p−2 = 0,
that is,
0 + 2 + · · · + p−3 = 1 + 3 + · · · + p−2.
The number of solutions of this last equation can be computed e.g. by enumerating the number of
solutions when the sum 0 + 2 + · · · + p−3 is a fixed integer or, equivalently, when the number
of coefficients equal to 1 (resp. −1) in the left and right terms of the equality is fixed and equal
to k. We get
n p =
p−1
2∑
i=0
(
p−1
2
i
)2
=
p−1
2∑
i=0
(
p−1
2
i
)( p−1
2
p−1
2 − i
)
which, according to the van der Monde formula
∑
a+b=l
(
i
a
)( j
b
)
=
(
i + j
l
)
,
is equal to
(
p−1
p−1
2
)
, so the total number N p−12p of bounding hyperplanes reads
N p−12p = p
(
p − 1
p−1
2
)
.
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Lemma 6. The polytope P decomposes as a union (with interiors pairwise disjoint) of N p−12p =
p
(
p−1
p−1
2
)
unimodular (p − 1)-simplices.
Indeed, let H be a bounding hyperplane and SH the set of elements of S that belong to H .
Then, it follows from our previous observations that Conv(0, SH ) is a unimodular (p − 1)-
simplex. Since 0 is in the interior of P , and since P = Conv(S), the union of the convex hulls of
0 and of the intersections SH of the bounding hyperplanes with S defines a decomposition of P ,
P =⋃H Conv(0, SH ), that has the required properties.
Let us compute now the number Nk2p of unimodular k-simplices in the intersection poset P of
the unimodular (p − 1)-simplices of the decomposition of P . Assume first that 2k ≤ p − 1. Let
{i1ζ i1 , . . . , ik ζ ik }, 0 ≤ i1 < · · · < ik ≤ p−1, be a set of unit roots and let us writeΔi1 i1,...,ik ik
for the corresponding unimodular k-simplex Conv(0, i1ζ i1 , . . . , ik ζ ik ). Any subset of the set of
(non-zero) vertices of a unimodular (p − 1)-simplex of the decomposition of P is of this form.
Conversely, let us show that any Δi1 i1,...,ik ik is a face of a unimodular (p − 1)-simplex of the
decomposition of P . First of all, because of the circular symmetry argument, we can assume that
ik < p − 1. It remains therefore to show that we can complete the sequence (i1ζ i1 , . . . , ik ζ ik )
to a sequence (0, 1ζ, . . . , i1 ζ i1 , . . . , p−2ζ p−2) such that
0 + 2 + · · · + p−3 = 1 + · · · + p−2.
The property follows immediately from the assumption that 2k ≤ p − 1 since when the
coefficients (i1 , . . . , ik ) are fixed, we can choose freely the p−1−k ≥ k remaining coefficients
in the equation. In conclusion, there are as many unimodular k-simplices in the intersection poset
as there are sequences (i1ζ i1 , . . . , ik ζ ik ) with i j = ±1 and 0 ≤ i1 < · · · < ik ≤ p − 1, that is,
Nk2p = 2k
( p
k
)
.
Let us compute now Nk2p when 2k > p − 1. The computation is slightly more involved. We
will first compute the number, say nk , of unimodular k-simplices Δi1 i1,...,ik ik that are faces of
a unimodular (p − 1)-simplex of the decomposition of P when ik < p − 1. We know that a
necessary and sufficient condition for a given Δi1 i1,...,ik ik to be such a face is that there exist
coefficients  j for j ∈ {i1, . . . , ik} such that
0 + 2 + · · · + p−3 = 1 + · · · + p−2. (*)
Let us write i for the number of even elements in {i1, . . . , ik}. Let us write a (resp. b) for
the number of i j , i j even (resp. i j odd), that are equal to 1 (resp. −1). Finally, let us write
j1, . . . , jp−1−k for the unique increasing sequence of integers such that {0, . . . , p − 2} =
{ j1, . . . , jp−1−k}∐{i1, . . . , ik}. Then, Eq. (*) has a solution if and only if the following equation
has a solution:
p−1−k∑
l=1
(−1) jl jl + a + b = (i − a) + (k − i − b).
Since a + b + (i − a)+ (k − i − b)+ p − 1 − k = p − 1, the equation has a solution if and only
if a + b ≤ p−12 and (i − a) + (k − i − b) ≤ p−12 . Summing over all possibilities for i , a, b and
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the sets {i1, . . . , ik} with these restrictions, we get
nk =
p−1
2∑
i=k− p−12
(
p−1
2
i
)(
p−1
2
k − i
)⎛⎜⎝ ∑
a+b≤ p−12 ,(i−a)+(k−i−b)≤ p−12
(
i
a
)(
k − i
b
)⎞⎟⎠ .
Applying once again the van der Monde formula, we get successively
∑
a+b≤ p−12 ,(i−a)+(k−i−b)≤ p−12
(
i
a
)(
k − i
b
)
=
p−1
2∑
u=k− p−12
(
k
u
)
,
and
nk =
(
p − 1
k
) p−12∑
u=k− p−12
(
k
u
)
.
The computation of Nk2p follows by the usual symmetry argument: let the multiplicative group
of the 2 p unit roots act on the unimodular k-simplices of the intersection poset. For a given
Δi1 i1,...,ik ik with ik < p − 1, exactly 2k images under this action have a vertex in {±ζ p−1}. In
other terms, there are 2p −2k unimodular k-simplicesΔi1 i1,...,ik ik with ik < p −1 in each orbit
under the action of the group. We get therefore
Nk2p =
2 p
2 p − 2k nk =
p
p − k
(
p − 1
k
) p−12∑
u=k− p−12
(
k
u
)
=
( p
k
) p−12∑
u=k− p−12
(
k
u
)
.
We are almost able to conclude and compute the growth series of cyclotomic lattices with
m = 2 p: it remains only to describe the contribution of each unimodular k-simplex to the series.
The proof is analogous to that of Lemma 2 and is omitted.
Lemma 7. Let Δ = Conv(0, x1, . . . , xn) be a unimodular n-simplex. We write Δi for the face
Conv(0, x1, . . . , xˆi , . . . , xn) of Δ and Δ˙ for Δ −⋃ni=1Δi . Then, the generating series for the
number rΔk of integral points in Ψ k(Δ˙) is given by∑
k∈N
Ψ k(Δ˙) = x
n
(1 − x)n+1 .
Now, the simplicial decomposition of P , P = ⋃Δ∈P Δ (where the overlappings are
described by the intersection poset structure of P) can be rewritten as a disjoint union:
P =
⋃
Δ∈P
Δ˙.
Therefore,
q Pk =
∑
Δ∈P
rΔk
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and, furthermore
∑
k∈N
q Pk x
k =
p−1∑
i=0
Ni2p
x i
(1 − x)i+1 .
The above discussion yields the following explicit expression for c2p . While formally different
from Parker’s conjecture 2, it is consistent with it for small values of p.
Theorem 8. For every prime p we have
c2p(x) = p
(
p − 1
p−1
2
)
x p−1 +
p−2∑
k= p+12
( p
k
)⎛⎜⎝
p−1
2∑
u=k− p−12
(
k
u
)⎞⎟⎠ xk(1 − x)p−k−1
+
p−1
2∑
k=0
2k
( p
k
)
xk(1 − x)p−k−1.
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